(Read before the American Mathematical Society, September 9, 1913.) A WELL known translation principle of Clebsch § enables us to construct a ternary invariant by a simple algebraical operation upon a binary invariant. In brief, if the line u x -0 intersects the curve ƒ = a x n = bj = • • • = 0 in the n points given by the binary form
Let us, for the moment, call ƒ = 0, g = 0 the higher and lower locus, respectively, and u x = 0 the joining locus. Then a translation principle is an algebraical process depending upon the joining locus, which converts an invariant of the lower locus into an invariant of the higher locus.
In this note we establish a translation principle in which the higher locus is a line congruence in three-space, the lower locus a plane n-line, and the joining locus is a plane. § 1. The Congruence C(n; 1).
The line determined by two planes
Ux == xi-piXz ~ qiXi = 0, V x = X2 -£>2#3 -<?2#4 = 0 was designated by Plücker* as his element of three-space. As coordinates of one of the oo 4 elements we have the nonhomogeneous system (Pi, 9i> V2> ?2, r) [r = (pq)].
A non-homogeneous form in these variables represents oo 3 elements forming a line complex. Consider two such forms of orders n and unity respectively, /n(p, q, r) = 0, (1) 2 the oo 2 elements common to these two complexes form a line congruence which we may represent by C(n; 1).
The intersect/ion of an arbitrary plane w x = 0 and the congruence C(n; 1) is an n-line.
An analytical proof is furnished as follows: Impose the condition that w x = 0 pass through the element (u x , v x 
. Substitute these in f n (p, q) and we get a non-homogeneous equation or form F(pi) in pi, with coefficients rational in Wi (i = 1, 2, 3, 4), and of order n. The n roots pi 0) (j = 1, 2, • • •, n) put in (5) in turn, give us just n sets
These sets are the coordinates of n lines of intersection as stated. Now if we project the n-line in which w x = 0 cuts C(n; 1) upon the # 3 = 0 plane, we get the n-line whose equation is
In the translation principle to be established C(n; 1) figures as the higher locus, fz n = 0 as the lower locus, and w x = 0 the joining locus. § 2. Translation Principle.
It is easy to show by combining (4), (5), (6) that the n lines of ƒ371 are concurrent. Some of the full invariants of [Feb., this w-line therefore vanish identically. Thus when n = 3 the only full invariant, the condition for a triple point, vanishes identically. Now, however, even when n = 3 or n = 2 we always have non-vanishing invariants of the binary form F(pi), and these, through (6), have interpretations as invariants of the lower locus / 3n . For instance, if the discriminant of F(pi) vanishes, then / 3n has a double line.
Every rational invariant I of F(pi) is a rational form in Wi (i = 1, 2, 3, 4). Such a form represents an algebraical surface whose equation is in planar coordinates. This surface, <p(w) = 0, is the envelope of the plane w x = 0 when the latter moves so as to cut the congruence C(n; 1) in the n-line having the projective property I = 0.
It is to be noted that q\, qi, p^ each satisfy an equation analogous to F(pi) = 0. But each equation may be obtained from F(pi) = 0 by a homographie transformation of F(pi), as is readily shown from (1), (3), (4). The determinants of these transformations will be different from zero, save when (1) and (3) A conspicuous case of I is the discriminant of F(p\). Applying the translation principle, we get a surface (p(w) = 0 which is the envelope of w x = 0 when the latter moves so as to touch C(n; 1) in a double line. In this case (p(w) = 0 may be called the class equation of the congruence C(n; 1). The order of <p{w) is the class of C(n; 1).
For illustration we take the special congruence given by
By (3), (4) It is known that every linear complex for which (pq) =1= 0 can be reduced* by projective transformation to the canonical form (pq) + 1 = 0. Hence we may take as a general case the congruence given by the general f n (p, q) and the special /iof(7).
It follows that F(pi) in general has coefficients which are homogeneous expressions of order 2n in Wi (i = 1, 2, 3, 4) . Hence since the discriminant of F(pi) is of degree 2(n -1), the class of the general congruence C(n; 1) is m = 4n(n -1).
In the special case above the class has been reduced by dividing out powers of W{. § 4. Generalization to Congruence C(n; m).
Instead of the non-homogeneous system of Plücker (pi, q^ r) we may use the homogeneous coordinates of Grassmann, viz., Then a congruence C(n; m) is given by the two homogeneous equations (10) fniqik) = 0, g m (qik) = 0.
To obtain the lines in which an arbitrary w x = 0 intersects C(n; m) let u x be an arbitrary plane cutting w x in an element of the complex f n . Then
and the planar equation of the lines of the complex which are contained in w x = 0 is
where uj are the variables. Likewise w x = 0 intersects the other complex in the lines
The lines (11) envelope a curve of class nf and (12) (1779) . t It may be suggested that the volumes on Elimination by Laurent and on Geometrography by Lemoine, of the excellent " Scientia " series (Gauthier-Villars, Paris) are elementary, but these are only two of a dozen volumes by Appell, Gibbs, Hadamard, Poincaré, etc., which certainly may not be classed in this way. And even these two brochures are more
